Empirical evidence shows that there is a close link between regime shifts and business cycle fluctuations. A standard term structure of interest rates, such as the Cox, Ingersoll, and Ross (1985; CIR) model, is sharply rejected in the Treasury bond data. Only Markov regime-switching models on the entire yield curve of the Treasury bond data can account for the observed behavior of the yield curve. In this paper, we examine the impact of regime shifts on AAA-rated and BBB-rated corporate bonds through the use of a reduced-form model. The model is estimated by the Efficient Method of Moments. Our empirical results suggest that regime-switching risk has significant implications for corporate bond prices and hence has a material impact on the entire corporate bond yield curve, providing evidence for the approach of rating through the cycle employed by rating agencies.
Introduction
The term structure of defaultable bonds is one of the most important entities in credit risk modeling because it describes the relationship between the yields on a defaultable discount bond and its maturity. It is one of the fundamentals for pricing credit risk derivatives. Many models of the term structure are based on the assumption that all information about the economy is contained in a finitedimensional vector of state variables, the dynamics of which are governed by stochastic processes. The dynamics may be derived by using absence of arbitrage arguments, obtained endogenously in a general equilibrium framework, or identified from market data using econometric methods. The exact expression for the price of defaultable bonds depends on the specification of the stochastic processes for the state variables and the associated market price of risk.
Cox, Ingersoll, and Ross (1985; CIR) proposed the univariate square-root process for the instantaneous interest rate (spot rate) in a general equilibrium framework so that heteroscedasticity is introduced into the spot rate dynamics. Duffie and Singleton (1999) extended the framework to reduced-form models of credit risk. They introduced an adjusted spot rate to account for both the probability and timing of default, and for the effect of losses on default. These models are known as exponential affine models. The diffusion processes of the interest rate that are specified in these models provide closed-from expressions for transition and marginal densities of the interest rate, and also bond prices. As a result, these models are analytically tractable and easy to implement. However, Ghysels and Ng (1997) rejected current affine models in a semiparametric test.
One potential problem of affine models is the assumption that all the model parameters are constant over time. Generally, business cycles and monetary policies can affect real rates and expected inflation, and can cause interest rates to behave differently in different time periods. An alternative to affine models in capturing these effects is the regime-switching model that is proposed by Hamilton (1988) . This model allows the parameters of the interest rate process to be dependent on a discrete regime variable. Hence, the conditional density depends on the current regime, and a Markov transition matrix governs the evolution of the regime variable.
Many papers demonstrate that the short interest rate process can be reasonably well modeled in time series as a regime-switching process (see Garcia and Perron (1996) , Gray (1996) , and Ang and Bekaert (1998) ). The results have motivated recent empirical studies to estimate an entire term structure of interest rates that is based on regime-switching models (see Naik and Lee (1997) , Evans (1998) , Bansal and Zhou (2002) , and Wu and Zeng (2005) ). The regime dependence that is introduced by these empirical studies implies richer dynamic behavior of the market price of diffusion risk and regime-switching risk. Hence, they offer greater econometric flexibility for the term structure models to account for both the time series and cross-sectional properties of interest rates.
In this paper, we extend this stream of literature to a reduced-form model of credit risk. We take seriously the idea that changes in regimes can potentially have sizable effects on the term structure of defaultable bonds; therefore, incorporating them can better account for the observed behavior of the term structure of defaultable interest rates. Motivated by this possibility, we develop a continuous time model with a general equilibrium framework of the term structure of defaultable interest rates that incorporates regime shifts. The actual yield curve of a given credit rating class fluctuates around the mean curve for the current regime. Sometimes, discrete changes in the economy lead to a jump in the term structure of yield volatilities and in the mean yield curve. At any time, the yield curve reflects the current regime and the expectation that the current regime may change.
Our work contributes to both the theoretical and empirical literature on the term structure of defaultable interest rates. We obtain a closed-form solution of the term structure of defaultable interest rates using an affine-type model similar to that in Bansal and Zhou (2002) and Wu and Zeng (2005) . We then show how the regime shifts affect the entire yield curve and dynamic behavior of bond yields for two credit rating classes -AAA-rated and BBB-rated. We use the Efficient Method of Moments (EMM), developed in Bansal (1995) and Gallant and Tauchen (1996) , to estimate the models that are under consideration. The empirical exercise relies on the AAA-rated and BBB-rated defaultable bonds data from 1973 to 1997. We find that there is an improvement of model specification when the regime-switching risk component is incorporated in both AAA-rated and BBB-rated defaultable bonds.
There are two major motivations for modeling defaultable interest rates with regime switches. First, there exists a large body of statistical empirical evidence in the finance literature (see Garcia and Perron (1996) , Gray (1996) , and Ang and Bekaert (1998) ). This evidence motivated the studies of the impact of regime shifts on the entire yield curve of defaultable bonds with reduced-form models of credit risk. Second, the evidence in the macroeconomics literature suggests that models with regime shifts can help explain the movements in a number of real and nominal macroeconomic variables, which are intimately related to interest rates (see Evans and Lewis (1995) , and Boudoukh, Richardson, Smith, and Whitelaw (1999)). For example, the transitions between economic expansion and recession have effects on monetary policy, inflationary expectations, and nominal interest rates. However, term structure models such as the Cox, Ingersoll, and Ross (1985) and affine models do not incorporate them. The absence of these important components in the models may explain why the models have poor empirical performance.
The rest of this paper is organized as follows. Section 2 presents a general equilibrium model of credit risk with regime-switching. Section 3 conducts an empirical analysis of the model in which the details of the empirical formulation will be given. Section 4 concludes the paper.
General Equilibrium Model
This section develops a general equilibrium approach for a reduced-form model of defaultable bonds with systematic risk of regime shifts. A closed-form solution for the term structure of interest rates is obtained under an affine model using loglinear approximation. We start by stating the similarity of the short-rate process between defaultable and default-free bonds, and then describe the state variables, investment opportunities for the economy, and the lifetime utility function.
Recovery Models
Three main specifications of modeling the recovery of defaultable claims have been adopted in the literature: recovery of face value (RFV), recovery of treasury (RT) and recovery of market value (RMV). Jarrow, Lando and Turnbull (1997) consider the RT specification in which the recovery rate is an exogenous fraction of the value of an equivalent default-free bond. Duffie and Singleton (1999) consider the RMV specification in which the recovery rate is equal to an exogenous fraction of the market value of the bond just before default. Houweling and Vorst (2001) consider the RFV specification in which the recovery rate is an exogenous fraction of the face value of the defaultable bond.
Under the RMV specification, Duffie and Singleton (1999) show that this claim can be priced as if it were default-free by replacing the usual short-term interest rate process r t with the default-adjusted short-rate process y t = r t + λ t L t . L t is the expected loss rate in the market value if default were to occur at time t, conditional on the information available up to time t
where τ is the default time, Q(τ − , T ) is the market price of the bond just before default and R τ is the market value of the defaulted bond. That is, under the technical conditions, the market value of the defaultable claim to (2.11) shown by Duffie and Singleton (1999) is
This is natural, in that λ t L t is the "risk-neutral mean-loss rate" of the instrument due to default. Discounting at the adjusted short rate y t therefore accounts for both the probability and timing of default, and for the effect of losses on default.
A key feature of the valuation equation (3) is that if the mean-loss rate process λ t L t is exogenously given, standard term-structure models for default-free debt are directly applicable to defaultable debt by parameterizing y t instead of r t .
State Variables
The economy is assumed to be driven by two types of state variables, x(t) = (x 1 (t), ..., x M (t)) ′ and s(t). Following Duffie and Singleton (1999), the first type of variable x(t) has a continuous path, and is determined by the stochastic differential equation where c(t) is the flow of consumption and U(·) is the instantaneous utility function. U(·) is assumed to be strictly concave, increasing, and twice differentiable with U(0) = 0 and U ′ (0) = ∞. It is assumed that the representative agent is a mutual fund investing in a specified investment grade class. In other words, the agent only allocates wealth among the n − 1 assets in the same investment grade class, the defaultable borrowing and lending, and consumption. The dynamic of the wealth equation can be described by the stochastic differential equation:
where w(t) is the agent's wealth at time t, φ k is the fraction of wealth that is invested in the kth security (hence
is her income and c(t) is her flow of consumption. Substituting for dP k /P k from (3.7), and assuming that the nth asset is the defaultable borrowing and lending, we can rewrite (15) as
where
where m ≡ n − 1 and the φ 1 , ..., φ m are unconstrained because φ n can always be chosen to satisfy the constraint n k=1 φ k ≡ 1.
The Term Structure of Defaultable Bonds
In this section, we go on to obtain a closed-form solution for the term structure of defaultable bonds. Assuming that U(c) = log(c), the prices of the defaultable pure discount bonds are given by the following theorem.
Proposition 2.1. The price at time t of a defaultable discount bond Q(t, y(t), s(t), T ) in a specified investment grade class which matures at time T satisfies the following system of partial differential equations.
with the boundary condition Q(T, y, s, T ) = 1 for all y and s.
Proposition (2.1) defines a system of N partial differential equations if there are N distinct regimes. As pointed out by Wu and Zeng (2005) , the system generally does not admit a closed-form solution to the bond price. Following Duffie and Kan (1996), Dai and Singleton (2000), Duffie, Pan, and Singleton (2000), and Wu and Zeng (2005), we have the following affine specification, which is known to offer a tractable model of the term structure of interest rate. We assume
Under (20) and (21), the default-adjusted short rate y(t) follows the squareroot process with regime-dependent drift and diffusion terms
By manipulating (22), we have the standard CIR model that follows the squareroot process
. Furthermore, we assume that
Equation (24) assumes that the Markov chain s(t) has constant transition probabilities that are given by e νs(z) for simplicity. Equation (25) implies the market price of the diffusion risk in equilibrium and θ(s) is the coefficient that determines the market price of diffusion risk. Equation (26) parameterizes the market price of the regime-switching risk, and φ s (z) is the coefficient that determines the market price of regime-switching risk.
Assuming that U(c) = log(c), the term structure of defaultable bonds can be solved and given by the following theorem. (20)- (21) and (24)- (26), the price at time t of a defaultable pure discount bond in a specified investment grade class with time to maturity τ is given by Q(t, τ ) = e A(τ,s(t))+B(τ,s(t))y(t) , and the observed τ -period defaultable interest rate is given by
Proposition 2.2. Under the assumptions
, where A(τ, s(t)) and B(τ, s(t)) are determined by the following system of differential equations:
and
with the boundary conditions A(0, s) = 0 and B(0, s) = 0, where
Empirical Results

Methodologies
In the estimation, our focus is to evaluate whether different term structure models of defaultable bonds can justify the observed behavior of two defaultable interest rates -the six-month and five-year AAA-rated and BBB-rated defaultable bond rates. We explore the ability of two types of models to justify the observed conditional distribution of the two interest rates under consideration. Model 1 is the standard one-factor CIR model that is proposed by Cox, Ingersoll, and Ross (1985) . Model 2 is the one-factor CIR model that is developed in Proposition (2.2), in which the risk of regime shifts is priced. Because the main purpose of this paper is to highlight the potential impact of the systematic risk of regime shifts on the term structure of defaultable bonds, we do not consider multi-factor term structure models. We assume that there are two distinct regimes (N = 2) for s(t). Therefore, Proposition (2.2) defines a system of four differential equations that must be solved simultaneously. There are 12 parameters in the model. We fit the model to the data for the six-month and five-year rates. However, the data cannot be fitted to the model directly because Y (t, τ ) in Proposition (2.2) is a kind of spot rate and we only have corporate bond data. We need a model to extract zero-coupon rates from current fixed coupon-bearing bond prices.
There is a direct method to fit a yield curve, known as the bootstrapping method, but it somewhat lacks robustness. Indirect methods are therefore usually preferred. The common character of all indirect models is that they involve fitting data to a pre-specified form of the zero-coupon yield curve. The general approach is to first select a reference set of bonds with market prices and cash flows that are taken as given. Then, one postulates a specific form of the discount function or zero-coupon rates. 1 Finally, a set of parameters is estimated that best approximates given market prices.
Among all indirect methods, the Extended Nelson and Siegel (ENS) model is chosen to fit the yield curve. The curve-fitting technique first described by Nelson and Siegel (1987) has been applied and modified in a number of ways, 2 so that it is sometimes described as a family of curves. The ENS model offers a conceptually simple and parsimonious description of the term structure of interest rates. It avoids over-parametrization while allowing for monotonically increasing or decreasing yield curves and hump-shaped yield curves. It also avoids the problem in spline-based models of choosing knot points subjectively.
After obtaining Y (t, τ ) in Proposition (2.2) using the ENS model, the model is fit to Y (t, τ ) on the six-month and five-year AAA-rated and BBB-rated defaultable bond rates. To utilize a consistent approach for evaluation and estimation across the different models, we apply the simulation-based efficient method of moments (EMM) estimator, developed by Gallant and Tauchen (1996) .
The EMM estimator consists of two steps. First, the empirical conditional density of the observed defaultable interest rates is estimated by an auxiliary model that is a close approximation of the true data generating process. Gallant and Tauchen (1996) suggest a semi-nonparametric (SNP) series expansion as a convenient general purpose auxiliary model. As pointed out by Bansal and Zhou (2002) , the advantage of using the semi-nonparametric specification for the auxiliary model is that it can asymptotically converge to any smooth distributions, including the density of Markov regime-switching models. Second, the score functions from the log-likelihood of the SNP density are used as moments to construct a GMM-type criterion function. The scores are evaluated using the simulation output from a given term structure model, and the criterion function is minimized with respect to the parameters on the term structure model under consideration. A nonlinear optimizer is used to find the parameter setting that minimizes the criterion function. 3 Further details regarding SNP density and EMM estimation are provided in Appendix B.
Finally, note that the short-rate factor y(t) in (23) is a standard one-factor CIR model. It defines interest rate movements in terms of the dynamics of the short rate. The variance of the short rate is related to the level of interest rates, and this feature has the effect of not allowing negative interest rates. It also reflects a higher interest rate volatility in periods of relatively high interest rates, and correspondingly lower volatility when interest rates are lower. However, the short-rate factor in the standard one-factor CIR model cannot be directly simulated using a discrete time counterpart. Hence, the step-wisely moment-matched log-normal scheme is applied to simulate the short-rate factor under the CIR model. Further details of the step-wisely moment-matched log-normal scheme are provided in Appendix C.
Data Description
The data in this empirical study were obtained from the University of Houston's Fixed Income Database. This database consists of monthly information on most publicly traded bonds since 1973. Each issue is identified by a CUSIP number and includes information on the issue date, maturity date, flat price, coupon, accrued interest, bond rating, industry sector, and call and put features. As the latest update we have is March 1997, we use monthly data that run from January 1973 through March 1997, 291 months in all. To study the term structure of defaultable bonds, we focus on two credit rating classes -AAA-rated and BBB-rated.
Several filters are imposed to construct the sample of defaultable corporate bonds. First, we choose non-callable and non-putable bonds that are issued by industrial, utility, and transportation firms. Firms in broad industries such as finance, real estate finance, insurance, and banking are excluded from our sample. Second, notes and bonds under one year to maturity, and bills under one month to maturity are eliminated from the sample due to liquidity problems. 4 At this stage, our sample, on average, consists of 52 AAA-rated bonds and 74 BBB-rated bonds from January 1973 through March 1997.
We then apply the Extended Nelson and Siegel (ENS) model to fit the yield curve. Two sets of data, August 1975 and December 1984, are reported missing in the database. Hence, we use the mean of the preceding and the following month as proxies for these two yields. The summary statistics of the term structures of AAA-rated and BBB-rated defaultable bonds data are given in Table 1 . It is clear that, on average, the yield curve is upward sloping. Moreover, the positive skewness and kurtosis suggest departure from Gaussian distribution.
To incorporate important time-series and cross-sectional aspects of term structure data, we focus on a short-term yield on six-month bills and a long-term yield on five-year notes. The two models that are mentioned in Chapter 4 are forced to match the conditional bivariate joint dynamics of the two yields. As pointed out by Bansal and Zhou (2002), one-month or three-month bill is not used to represent short end, because it is more likely to be affected by liquidity needs. 5 The time-series plots of the yields are given in Figure 1. 
Estimation Results
Tables 2-5 contain the results of the chosen SNP specifications. The EMM estimator consists of two steps. In the first step of the EMM procedure, we fit an SNP density of the bivariate joint dynamics of the short-term and long-term yields. The SNP density employs an expansion in Hermite functions as a convenient general purpose auxiliary model that is a close approximation of the true data generating process. The dimension of this auxiliary model can be selected by the Bayesian Information Criterion (BIC) proposed by Schwarz (1978) . The technical notations of the SNP specifications are given in Appendix B. Table 2 reports different choices of SNP density and their corresponding BIC values of the term structures of AAA-rated defaultable bonds. We find that the overall best fit based on BIC is the SNP specification with two lags (L µ = 2) in the VAR-based conditional mean, five lags (L r = 5) in the ARCH specification, 4 See Bliss (1997). and a polynomial of order four (K z = 4) in the standardized residual z. The total number of parameters for this SNP specification is 31 (l θ = 31). Table 3 reports different choices of SNP density and their corresponding BIC values of the term structures of BBB-rated defaultable bonds. We find that the overall best fit based on BIC is the SNP specification with one lag (L µ = 1) in the VAR-based conditional mean, four lags (L r = 4) in the ARCH specification, and a polynomial of order four (K z = 4) in the standardized residual z. The total number of parameters for this SNP specification is 26 (l θ = 26). The information criterion for choosing the preferred SNP specification is the minimum value of BIC given in (47). Parameter estimates of the preferred SNP density are reported in Table 4 and Table 5 . After obtaining the estimated nonparametric SNP density, we can estimate the parameters of different term structure models using EMM estimation. Table 6 shows the main EMM estimation results for two models. Panels A and B give the results for AAA-rated defaultable bonds and BBB-rated defaultable bonds respectively. Model 1 is the standard one-factor CIR model that is proposed by Cox, Ingersoll, and Ross (1985) . Model 2 is the one-factor CIR model that is developed in Theorem 3.2, in which the risk of regime shifts is priced.
As seen from Panel A of Table 6 , the chi-square statistic of model 1 is 216.39 and the chi-square statistic of model 2 drops to 79.46. This indicates an improvement when the regime-switching risk component is incorporated in AAA-rated defaultable bonds. In model 1, the standard one-factor CIR model, the shortterm AAA-rated defaultable interest rate has an average long-run mean level of 7.13% (ȳ = a 0 / − a 1 = 0.0063/0.0884) and an average conditional standard deviation of 1.31% ( √ σȳ = (0.0024)(0.0713) ). The mean reversion parameter is 0.0884 (κ = −a 1 = 0.0884), therefore the short-term AAA-rated defaultable interest rate is very persistent. In model 2, the one-factor CIR model in which the risk of regime shifts is priced is developed in Theorem 3.2. In Regime 0, the short-term AAA-rated defaultable interest rate has an average long-run mean level of 3.95% (ȳ = a 0 / − a 1 = 0.0031/0.0784) and an average conditional standard deviation of 1.07% ( √ σȳ = (0.0029)(0.0395) ). The mean reversion parameter is only 0.0784 (κ = −a 1 = 0.0784), and thus the short rate is very persistent in this regime. In Regime 1, the short-term AAA-rated defaultable interest rate has a higher average long-run mean level of 11.78% (ȳ = a 0 / − a 1 = 0.0103/0.0874) and a higher average conditional standard deviation of 2.40% ( √ σȳ = (0.0049)(0.1178) ). The mean reversion parameter is 0.0874 (κ = −a 1 = 0.0874), and thus the short rate is less persistent in this regime. Also, note that the coefficients on the market price of diffusion risk and regime-switching risk are different among regimes. This shows that the yield curve has regime-dependent properties. The transition probability from Regime 0 to Regime 1 is 0.0438 (h(z, x) = e νs(z) = e −3.1279 ). The transition probability from Regime 1 to Regime 0 is 0.0414 (h(z, x) = e νs(z) = e −3.1846 ). As seen from Panel B of Table 6 , the chi-square statistic of model 1 is 238.77 and the chi-square statistic of model 2 drops to 84.10. This indicates an improvement when the regime-switching risk component is incorporated in BBB-rated defaultable bonds. In model 1, the standard one-factor CIR model, the short-term BBB-rated defaultable interest rate has an average long-run mean level of 10.38% (ȳ = a 0 / − a 1 = 0.0112/0.1079) and an average conditional standard deviation of 2.56% ( √ σȳ = (0.0063)(0.1038) ). The mean reversion parameter is 0.1079 (κ = −a 1 = 0.1079), therefore the short-term BBB-rated defaultable interest rate is very persistent. In model 2, the one-factor CIR model in which the risk of regime shifts is priced is developed in Theorem 3.2. In Regime 0, the short-term AAA-rated defaultable interest rate has an average long-run mean level of 4.43% (ȳ = a 0 / − a 1 = 0.0029/0.0654) and an average conditional standard deviation of 1.47% ( √ σȳ = (0.0049)(0.0443) ). The mean reversion parameter is only 0.0654 (κ = −a 1 = 0.0654), and thus the short rate is very persistent in this regime. In Regime 1, the short-term AAA-rated defaultable interest rate has a higher average long-run mean level of 13.31% (ȳ = a 0 / − a 1 = 0.0282/0.2119) and a higher average conditional standard deviation of 2.90% ( √ σȳ = (0.0063)(0.1331) ). The mean reversion parameter is 0.2119 (κ = −a 1 = 0.2119), and thus the short rate is less persistent in this regime. Also, note that the coefficients on the market price of diffusion risk and regime-switching risk are different among regimes. This shows that the yield curve has regime-dependent properties. The transition probability from Regime 0 to Regime 1 is 0.0425 (h(z, x) = e νs(z) = e −3.1592 ). The transition probability from Regime 1 to Regime 0 is 0.0394 (h(z, x) = e νs(z) = e −3.2334 ).
Conclusion
Many papers demonstrate that the short interest rate process can be reasonably well modeled in time series as a regime-switching process (see Garcia and Perron (1996) , Gray (1996) , and Ang and Bekaert (1998)). In addition to statistical evidence, there are also economic reasons to believe that regime shifts are important to understanding the behavior of the entire yield curve. However, term structure models such as the Cox, Ingersoll, and Ross (1985) and affine models do not incorporate them. Their absence in these models may explain why the models have poor empirical performance. The main contribution of this paper is to show that there is an improvement of model specification when the regime-switching risk component is incorporated in both AAA-rated and BBB-rated defaultable bonds. To be more specific, we develop and estimate a model for a term structure that incorporates regime-switching risk. The empirical results have important implications for both AAA-rated and BBB-rated defaultable bonds term structure models. First, the regime shifts af-fect the forecasting power in the term structure of defaultable bonds. Second, the regime shifts also affect the price of credit derivatives. The non-linear regime switching specification seems to add both statistical and economic values in pricing credit derivatives. It would be an interesting and valuable extension of this paper.
Appendix
A Proof
A.1 Proof of Proposition 2.1
Let J(w(t), s(t), y(t)) = sup (φ 1 ,...φm,c) E t ∞ t e −ρ(τ −t) U(c(τ ))dτ be the indirect utility function. We assume that a solution to the agent's problem exists. We also assume that indirect utility function J(w(t), s(t), y(t)), the optimal consumption, and portfolio choice satisfy the Bellman equation 
and y(t) represents the defaultable interest rate that is associated in defaultable bonds of a given investment grade class defined in (2.14). Moreover, µ w , σ w and δ w are given in (17) , (18) , and (19) , respectively, and the subscripts on the J(w, s, y) function denote partial derivatives. The state variable y(t) is x n+1 (t) as defined in (4), while µ y and σ y are the drift and the volatility term of y(t), respectively. Substituting µ w , σ w , and δ w from (17), (18) , and (19), respectively into (27) , the m + 1 first-order conditions are From (32), the first-order condition for a defaultable pure discount bond defined in (11) is given by
This can be further rewritten as
where η w = m j=1 φ j ρ Qj σ j and ρ Qj is the correlation between the defaultable bond and the jth asset.
By manipulating (34), we have
Under logarithm utility function U(c(t)) = log c(t), it can be proven that the indirect utility function is separable in w(t) and y(t). It can also be proven that the indirect utility function is separable in w(t) and s(t). Therefore, J(w, s, y) can be written as 1 ρ log w + f (s, y), where f (s, y) solves the system of differential equation after substituting J(w, s, y) and the optimal choice of consumption (c * ) and portfolio (φ * 1 , ..., φ * m ) into (27) . This separability implies that J wy = 0. Following Protter (1990), we can apply Ito's formula to Q(t, w, s, y), and we have
Matching the coefficients between (36) and (11), we have
Substituting J wx = 0 and (37), (38) , and (39) into (35), we have
Moreover, we assume that the change of wealth of the representative agent is independent of the change of price of a defaultable bond. In other words, the representative agent is not the issuer of the defaultable bond. It implies Q w = 0, Q ww = 0, and Q wy = 0. Moreover, J = 1 ρ log w + f (s, y) implies J w = 1 ρw and J ww = − 1 ρw 2 . Therefore, (40) can be further simplified as
In addition, because J = 1 ρ log w + f (s, y), we have
. Substituting (42) into (41), the proof is completed. 2
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A.2 Proof of Proposition 2.2
Substituting Q(t, τ ) = e A(τ,s(t))+B(τ,s(t))y(t) and τ = T − t into Proposition (2.1), we have
Because y is small, by applying the log-linear approximation, we can obtain e ∆s(B)y ≈ 1 + ∆ s (B)y. By matching the coefficients of y on both sides of the equation, the proof is completed. 2
B SNP Density and EMM Estimation B.1 SNP Density
The method is termed semi-nonparametric (SNP) to suggest that it lies halfway between parametric and nonparametric procedures. The method employs an expansion in Hermite functions as a general purpose nonparametric estimator to approximate the conditional density of a multivariate process. Following Gallant and Tauchen (1996) , any smooth conditional density function can be approximated arbitrarily close by a Hermite polynomial expansion. Let y denote the vector of the interest rates under consideration and x be the vector of lagged y. The auxiliary f -model has a density function that is defined by a modified Hermite polynomial
where P(z, x) is a polynomial with degree K z and z, which is a standardized transformation z = R −1
x . The square of P(z, x) makes the density positive, and the argument of the polynomial is z. The coefficients of the polynomial are allowed to be another polynomial of degree K x in x. The constant in the polynomial of z is set to 1 for identification. In addition, n M (·) is a Gaussian density of dimension M with a mean vector µ x and variance-covariance matrix Σ x , where µ x is estimated by using a VAR specification, and Σ x is estimated by using an ARCH specification, which parameterizes R x . Note that both µ x and R x depend only on lags of y.
The length of the auxiliary model parameter is determined by the number of lags of x used in constructing the coefficients of the polynomial L p , the degree K z of the polynomial in z, the degree K x of the polynomial in x, lags in the VAR mean specification L µ , and lags in the ARCH specification L r . The polynomial P(z, x) take the form
where a(λ 1 , λ 2 , x) are the coefficients of the polynomial in z, and the sum is over all pairs of nonnegative integers (λ 1 , λ 2 ) such that λ 1 + λ 2 ≤ K z . In general, a positive I z means all interactions of order exceeding K z − I z are suppressed to 0. Similarly, the interactions terms of K x of order exceeding K x − I x are suppressed to 0. Putting certain of the tuning parameters to zero implies sharp restrictions on the process {y t }. Let {ỹ t } n t=1 be the observed data andx t−1 be the lagged observations. The parametersθ n are estimated by minimizing
The dimension of the auxiliary f -model, the length of θ, is selected by the Schwarz Bayes information criterion (Schwarz, 1978) , which is computed as BIC = s n (θ n ) + (l θ /2n) log(n),
where l θ is the length of the auxiliary model. The criterion rewards good fits as represented by small s n (θ n ) but uses the term (l θ /2n) log(n) to penalize good fits obtained by means of excessively rich parameterizations.
B.2 EMM Estimation
Let {ŷ t } N t=1 be a long simulation from a candidate value of ρ, the parameter vector of the maintained structural model. The moment criterion iŝ
(∂/∂θ) log f [ŷ t (ρ)|x t−1 (ρ),θ n ],
and the GMM estimator of the structural parameter vector is arg min
whereĨ n is the weighting matrix. It is estimated by the mean-outer-product of SNP scores
The normalized criterion function value in the EMM estimation forms a specification test for the overidentifying restrictions nm N (ρ,θ n )
where the degree of freedom equals l θ − l p , that is, the number of scores moment conditions in the auxiliary model, l θ , less the number of structural parameters, l p . It is assumed that l p is smaller than l θ .
C Moment-Matching of the CIR Model
The short-rate factor in the standard CIR model is assumed to follow the squareroot process
where κ is the mean reversion parameter, θ is the long-run mean parameter, and σ is the local volatility parameter. The short-rate factor in the standard CIR model cannot be simulated using a discrete-time counterpart directly. Wu and Zhang (2006) show that the short-rate factor can be simulated according to the following step-wisely moment-matched log-normal scheme r(t + ∆t) = E Note: The two term structure models are given in Chapter 4. Model 1 is the standard one-factor model that is proposed by Cox, Ingersoll, and Ross (1985) , without regime shifts. Model 2 is the one-factor CIR model that is developed in Theorem 3.2, in which regime shift is priced. First, a 0 (s), a 1 (s) and σ(s) are the coefficients that are given in the diffusion process of defaultable interest rate y(t): dy = (a 0 (s) + a 1 (s)y)dt + σ(s)ydB y . Second, θ(s) is the coefficient on the market price of diffusion risk that is given in η w = θ(s) σ(s)y, and φ(s) is the coefficient on the market price of regime-switching risk that is given in λ s (z) = 1 − e φs(z) . Third, ν s (z) is the parameter which determines the transitional probability that is given in h(z, x) = e νs(z) .
